The length of the period for which the model applies is not specified. The assumptions of the model make sense, however, only if the period is taken to be infinitesimal. For any finite period, the distribution of possible returns on an asset is likely to be closer to lognormal than normal; in particular, if the distribution of returns is normal, then there will be a finite probability that the asset will have a negative value at the end of the period.
Of these assumptions, the one that has been felt to be the most restrictive is (d). Lintner has shown that removing assumption (a) does not change the structure of capital asset prices in any significant way,2 and assumptions (b) and (c) are generally regarded as acceptable approximations to reality. Assumption (d), however, is not a very good approximation for many investors, and one feels that the model would be changed substantially if this assumption were dropped.
In addition, several recent studies have suggested that the returns on securities do not behave as the simple capital asset pricing model described above predicts they should. Pratt analyzes the relation between risk and return in common stocks in the 1926-60 period and concludes that high-risk stocks do not give the extra returns that the theory predicts they should give. Friend and Blume use a cross-sectional regression between risk-adjusted performance and risk for the 1960-68 period and observe that high-risk portfolios seem to have poor performance, while low-risk portfolios have good performance.4 They note that there is some bias in their test, but claim alternately that the bias is so small that it can be ignored, and that it explains half of the effect they observe.5 In fact, the bias is serious. Miller and Scholes do an extensive analysis of the nature of the bias and make corrections for it.6 Even after their corrections, however, there is a negative relation between risk and performance.
Black, Jensen, and Scholes analyze the returns on portfolios of stocks at different levels of flb in the 1926-66 period.7 They find that the average returns on these portfolios are not consistent with equation (1), especially in the postwar period 1946-66. Their estimates of the expected returns on portfolios of stocks at low levels of /3i are consistently higher than predicted by equation (1), and their estimates of the expected returns on portfolios of stocks at high levels of /3i are consistently lower than predicted by equation (1).
Black, Jensen, and Scholes also find that the behavior of welldiversified portfolios at different levels of f83 is explained to a much greater extent by a "two-factor model" than by a single-factor "market model."8 They show that a model of the following form provides a good fit for the behavior of these portfolios: Ri = + bRm + (1 -bi)Rz + e4 (3) In equation (3), R. is the return on a "second factor" that is independent of the market (its jli is zero), and Ei, i -1, 2, . . , N are approximately mutually independent residuals. This model suggests that in periods when R. is positive, the low f83 portfolios all do better than predicted by equation (1), and the high j3i portfolios all do worse than predicted by equation ( 1 ). In periods when R. is negative, the reverse is true: low 8i portfolios do worse than expected, and high jli portfolios do better than expected. In the postwar period, the estimates obtained by Black, Jensen, and Scholes for the mean of R. were significantly greater than zero.
One possible explanation for these empirical results is that assumption ( 
In equation ( 
So equation (25) becomes E(ftj =E(Rz) + /3i[E(Rm) -E(Rz)]. (27)
Thus the expected return on every asset, even when there is no riskless asset and riskless borrowing is not allowed, is a linear function of its /3. Comparing equation (27) with equation (1), we see that the introduction of a riskless asset simply replaces E(RZ) with Rf. Now we can derive another property of portfolio z. Equation (27) holds for any? asset and thus for any portfolio. Setting /i3 0, we see that every portfolio with /8 equal to zero must have the same expected return as portfolio z. Since the return on portfolio z is independent of the return on portfolio m, and since weighted combinations of portfolios m and z must be efficient, portfolio z must be the minimum-variance zero-/3 portfolio. 
Fama comes close to deriving equation (27). His equation (27) says that the expected return on an asset is a linear function of its risk
Thus we see that the covariance of the return on any asset i with the return on portfolio z is proportional to 1 -/i. In sum, we have shown that when there is no riskless asset, and no riskless borrowing or lending, every efficient portfolio may be written as a weighted combination of the market portfolio m and the minimumvariance zero-,8 portfolio z. The covariance of the return on any asset i with the return on portfolio z is proportional to 1 -Pi. The expected return on any asset or portfolio i depends only on /Pi, and is a linear function of Pis.
Prohibition of borrowing and lending, then, shifts the intercept of the line relating E(RD) and pi from Rf to E(RA). Since this is the effect that complete prohibition would have, it seems likely that partial restrictions on borrowing and lending, such as margin requirements, would also shift the intercept of the line, but less so. Thus it is possible that restrictions on borrowing and lending would lead to a market equilibrium consistent with the empirical model expressed in equation (3) We can show this, in our notation, as follows. Since the restriction on borrowing applies only to the riskless asset, there will be only two kinds of efficient portfolios, those that contain the riskless asset and those that do not. Let us call the riskless asset number N + 1.
For those efficient portfolios that do not contain the riskless asset, equations (6)-(18) of the previous section apply. Each such efficient portfolio can be expressed as a weighted combination of portfolios u and v, where Pl is one and f, is zero.
For those efficient portfolios that do contain the riskless asset, we can extend equation (10) 
The weights must also satisfy constraints (37) and (38):
Wkf > 0.
We can see immediately that E(Rz) must satisfy
Rf < E(R-z) < E(R-m).
If E(Rz) is less than or equal to Rf, then we can increase Wkf and decrease wkz by the same amount, and we will reduce the variance of portfolio k and increase or leave unchanged its expected return. But if this is possible, it means that portfolio k is not efficient.
When portfolio k is the market portfolio, Wkm must be one, and Wkz must be zero. If E(R,) is greater than or equal to E(Rm), then we can decrease wk,, by a very small amount and increase Wkz by the same amount, and we will reduce the variance of portfolio k and increase or leave unchanged its expected return. But if this is possible, it means that the market portfolio is not efficient. Thus the inequality (39) must hold.
When Wkf is greater than zero, portfolio k is a mixture of portfolio t and the riskless asset. We can incorporate equation ( 
Since equations (40) and (41) hold for any portfolio containing the riskless asset, they must hold also for portfolio t. Since portfolio t is efficient, it must maximize (40) subject to (41). But the solution to that problem is the same as the solution to Thus the empirical results reported by Black, Jensen, and Scholes are consistent with a market equilibrium in which there are riskless lending opportunities, as well as with an equilibrium in which there are no riskless borrowing or lending opportunities. The general approach used in this section can be used to obtain similar results when every individual has a limit on the amount he can borrow that may be greater than zero. Thus we can say that the empirical results are consistent with an equilibrium in which borrowing at the riskless interest rate is either fully or partially restricted.
CONCLUSIONS
We have explored the nature of capital market equilibrium under two assumptions that are more restrictive than the usual assumptions used in deriving the capital asset pricing model. First, we have assumed that there is no riskless asset and that no riskless borrowing or lending is allowed. Then we have assumed that there is a riskless asset and that long positions in the riskless asset are allowed but that short positions in the riskless asset (borrowing) are not allowed. In both cases, we have assumed that an investor can take unlimited long or short positions in the risky assets.
In both cases, we find that the expected return on any risky asset is a linear function of its ,8, just as it is without any restrictions or borrowing. If there is a riskless asset, then the slope of the line relating the expected return on a risky asset to its ,8 must be smaller than it is when there are no restrictions on borrowing. Thus a model in which borrowing is restricted is consistent with the empirical findings reported by Black, Jensen, and Scholes.
In both cases, the risky portion of every portfolio is a weighted combination of portfolios m and z, where portfolio m is the market portfolio, and portfolio z is the minimum-variance zero-,X portfolio. Portfolio z has a covariance with risky asset i proportional to 1 -P3. If there is a riskless asset, then the efficient portfolios that contain the riskless asset are all weighted combinations of the riskless asset and a single risky portfolio t. Portfolio t is the efficient portfolio of risky assets with the highest ratio of the expected difference between the return on the portfolio and the return on the riskless asset to the standard deviation of the return on the portfolio. The line relating the expected return on an efficient portfolio to its ,8 is composed of two straight line segments, where the segment for the lower-risk portfolios has a greater slope than the segment for the higher-risk portfolios.
